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Abstract In this work we study the behavior of massless fermions in a graphene wormhole and
in the presence of an external magnetic field. The graphene wormhole is made from two sheets of
graphene that play the roles of asymptotically flat spaces connected through a carbon nanotube with
a zig-zag boundary. We solve the massless Dirac equation in this geometry and analyze its wave
function. We show that the energy spectra of these solutions exhibit similar behavior to Landau
levels.
I. INTRODUCTION
In recent years graphene has played a very important role in physics due to its incredible mechanical and electronic
properties, which have many technological applications [1, 2]. Graphene is a carbon-honeycomb structure and con-
stitutes the first really 2D material developed due to its unusual band structure, where the electrons close the Fermi
points have a conical band structure which can be described by the massless Dirac equation (or Weyl equation) in (2
+ 1)-dimensions [3, 4]. Therefore, a quasiparticle on graphene has a relativistic behavior, although it is not really a
relativistic particle. Another interesting point is the presence of topological defects in the graphene lattice, since it
is virtually impossible to prepare a real solid crystal without them. By means of ”cut and glue” processes, Volterra
studied these defects and their respective topological numbers, analyzing what occurs in the graphene lattice in the
presence of pentagon rings, heptagon rings or pentagon-heptagon pairs [5–7]. Rings of pentagons or heptagonons are
related to disclinations and pentagon-heptagon pairs are related to dislocations [8, 9]. A geometric description of
defects in 3D solids based on Riemann-Cartan geometry came to light in the works of Katanaev and Volovich [10, 11].
They presented an equivalence between a three-dimensional gravitational theory with torsion and the theory of defects
in solids, associating curvature with disclinations and torsion with dislocations. Therefore, in the continuum limit
topological defects in crystals can be described in terms of Riemann-Cartan geometry. From this perspective, it is
well known in the literature that the presence of disclinations in graphene modifies its electronic properties and that
these topological defects can be interpreted as a source of a non-abelian gauge field, while smooth deformations of
graphene sheets produce a gauge field similar to an electromagnetic gauge field [9, 12, 13]. In addition, another direct
consequence of the presence of topological defects in graphene is that the gauge fields affects the quantum particle re-
sponse to magnetic fields, causing its energy spectrum to present degenerate levels analogue to Landau levels [14, 15].
For all these aspects, we can say that graphene is a true laboratory for field theory with several possibilities to study
the behavior of particles in (2 + 1)- dimensional systems presenting topological defects.
Many gravitational analogue models using graphene in curved background geometries were constructed by exploring
the geometric effects on the quantum dynamics of graphene quasiparticles. An interesting work on this subject was
presented by Gonza´lez et al. [12], in which the quantum spectrum of a fullerene molecule is described through a
graphene sheet folded in a polyhedra. In this case, the graphene lattice has pentagonal rings acting as a gauge field
and presents spherical symmetry. In 2007, Cortijo and Vozmediano proposed a model in which graphene is slightly
curved and has pentagon-heptagon pairs and Stone-Wales defects in their structure, based on a cosmological analogy
with cosmic strings [16, 17]. In [9], Vozmediano discusses the physical properties of graphene, showing its connection
with Quantum Field Theory (QFT) and Gauge Theory. They also presented an interesting link between topological
defects in graphene and cosmic strings in General Relativity (GR). The appearance of geometric phases in graphitic
nanocons was explored in [18] and recently some of the authors have analyzed the effects of rotation on fullerenes
molecules in background geometries given by Go¨del-type universes [13, 19, 20]. Some studies on dislocations and
their relation to torsion theory have also been performed. In particular, the formation and stability of dislocations
was studied by Carpio et al. [8] and Mesaros demonstrated the emergence of a non-Abelian Berry phase due to the
existence of dislocations in the graphene structure [21].
An important class of geometries found in gravitational models are wormholes. They have a long history and
properties which deserve some discussion. The first wormhole solution was put forward by Einstein and Rosen in
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2the seminar paper [22]. Such a solution is sometimes called by Einstein-Rosen bridge. These solutions are hit by
making a suitable coordinate change on the Schwarzschild geometry. This coordinate change covers two asymptotically
identical flat spaces connected by a ”bridge”. In particular, Einstein-Rosen bridge presents event horizons and as a
result, observers are not allowed to travel along the bridge from a particular flat space to the other. On the other hand,
it is possible to construct traversable wormholes, namely, it is permitted the two-way travel of observers. For that, it
is necessary to implement further conditions in order to prevent the emergence of the event horizons. As shown by
Morris and Thorne in [23], once these conditions are fulfilled, the wormhole is traversable. However, in GR, traversable
wormholes are supported by matter sources violating the energy conditions [23]. In addition to aforementioned
properties, it is worth calling attention for other remarkable issues, such that: the construction of a time-machine
from wormholes [24] and inherently their causality violation problems [25], duality between wormholes and entangled
states in quantum gravity [26] and analogue models (condensed matter systems used to mimic wormholes), for a
prominent reference see [27] and therein.
In the last decade several papers have dealt with a number of models of wormholes in carbon structures and other
Condensed Matter systems. One of the first models on this subject was constructed by Gonzalez and Herrero by
connecting two graphene sheets through a graphene nanotube [28, 29]. Pincak and Smotlacha [30] have studied
the electronic properties of a graphene wormhole in a perturbed nanocylinder [30] and the electronic structure of a
wormhole geometry in solid state models was investigated by Atanasov and Saxena [31]. Fernandes et al. have analysed
the wormhole geometry for electron waves in graphene [32]. Sepehri et al. proposed a model to describe the evolution
of the free electron current density in graphene [33] and Capozziello et al. presented a model which simulates moving
electrons in graphene structures and analyzed its properties in Chern-Simons wormholes [34]. One of the authors
recently investigated the parallel transport of spinors in graphene wormhole and the Aharonov-Bohm analogue effect
in this system [35]. Dandoloff and colleagues analyzed a geometry-induced potential in a two-dimensional model of
wormhole geometry [36] and another analogue wormhole model in porous carbon/magnetic composite particle was
presented in [37].
In this work we focus on the study of wormhole-like geometries constructed from carbon nanostructures and on the
exact solutions of the Dirac equation in (2 + 1)-dimensions in this setup. In particular, we deal with the graphene
wormhole model described by Gonzalez and Herrero [28, 29] and observe the occurrence of degenerate energy levels in
the solution of the Dirac equation due to the presence of an external magnetic field. These degenerescences are similar
to those present at Landau levels, suggesting that the graphene quasiparticle is trapped by an external magnetic field.
The wormhole is constructed from a system where one has two graphene-nanotube junctions which play the role of
asymptotically flat spaces connected through a carbon nanotube with a zig-zag boundary mimicking a bridge. This
wormhole-like geometry is called a wormbridge. In order set up a graphene wormbridge, first of all, it is necessary
to make a hole in a graphene layer with an hexagonal shape. Then, new atoms are connecting with the atoms at
boundary in vertical direction, so that to create a zig-zag pattern, and so it is possible to connect a graphene layer
with a zig-zag nanotube. A straight consequence of this construction is the emergence of six heptagonal rings in the
junction alternating with hexagonal rings. The construction described by Gonza´lez and Herrero [28] can be extended
for a hole with a large radius, keeping the same number of defects. For convenience, we take the continuum limit for
the graphene wormhole considering the the nanotube radius much larger than its length. In this way, we do not need
to take into account soft variations in the curvature of the graphene-nanotube junction.
This work is organized as follows. In Section II we present a brief review of the general aspects of the problem. We
draw some relevant points about the continuum limit approximation in graphene and on topological defects acting
as gauge fields. We also present in this section the geometric description of a graphene wormhole. In Section III, we
describe the quantum dynamics of a quasiparticle in the graphene wormhole in the presence of an external magnetic
field. The magnetic field is introduced via minimal coupling. In Section IV, we solve the Weyl equation for the two
charts of the graphene wormhole, obtaining the junction conditions between them in order to find the correct energy
spectrum. Finally, in Section V we present the final discussions about the present work.
II. GENERALITIES
A. Topological Defects in Graphene
In order to describe graphene on a wormhole geometry, where there are effects arising from the curvature of space,
we need to understand how the presence of topological defects affect the physical properties of graphene. First of all,
it is necessary to discuss its description in flat spaces, and then implement the curved spacetime elements. Graphene
is a honeycomb structure set up of carbon atoms at each of its hexagonal vertices and where each unit cell has two
carbon atoms [3]. In fact, one can consider the honeycomb lattice as a superposition of two A/B triangular sublattices.
Each carbon atom present in the graphene lattice has four valence electrons, where three of these electrons form σ-
3(a) 3D visualization of the dispersion relation of graphene
given by equation (2.2).
(b) Hexagonal pattern of a graphene cell. Regions
with same color have the same energy and Fermi
points K and K′.
FIG. 1. Band estructure of graphene.
bonds and are responsible for the elasticity of the lattice. The remaining valence electron forms pi-bonds responsible
for the electronic properties of graphene, which can be obtained through the tight-binding model. The tight-biding
Hamiltonian provides the energy spectra when one considers that the valence electron can hop to the nearest carbon
atoms neighbors and can be expressed in real space as [9, 12]
H = −t
∑
〈i,j〉
c†Ai · cBj + h.c.
 , (2.1)
where the creation and annihilation operators c†Ai and cBj , respectively, counts the probability of a valence electron
to hop from A site to B nearest-neighbor site (or vice versa) by means of the hopping parameter t.
In order to find the energy band of graphene, one can leave aside the unit cell representation in real space and
move to the first Brillouin zone representation in momentum space. After diagonalizing the resulting Hamiltonian,
the energy band of graphene becomes
E(~k) = ±t
√√√√1 + 4 cos2(√3
2
kxa
)
+ 4 cos
(√
3
2
kxa
)
cos
(
3
2
kya
)
, (2.2)
depicted in Fig.1(a), where the parameter a is the interatomic distance between two carbon atoms in the graphene
lattice. Since the graphene lattice is described by two atoms in its primitive cell, its reciprocal lattice is described
by two moments, denoted by K and K ′, known as Fermi points, so that the first Brillouin zone must be hexagonal,
as shown in Fig.1(b). When one considers E(~k) = 0 in equation (2.2) the valence band is completely filled and each
corner connects the valence band with conduction band at six points, which are the Fermi points in the hexagon of
the reciprocal lattice [3, 4]. In the continuum limit, when the electrons are close to the Fermi points (for any of the
Fermi points K or K ′), its dispersion relation in the low excitation regime is linear and has a conical shape. Thus,
graphene in this regime can be described by the relativistic (2+1)-dimensional massless Dirac equation [3, 12]
H = }vf
(
0 kx − iky
kx + iky 0
)
= −i}vf~σ · ~k, (2.3)
where vf =
3
2 ta ≈ 106m/s is known as Fermi velocity and ~σ is a vector representation for the Pauli matrices. Thus,
the interaction between the valence electron and the Fermi points behaves as a quasi-particle described by the massless
Dirac equation such that its eigenvector is a spinor with a pseudospin represented by the sublattices A/B.
4Due to the presence of pentagons and heptagons in the graphene lattice, the atoms can not be distributed in two
triangular sublattices. These types of defects are known as disclinations. The formation and counting of such defects
in a graphene lattice was described by Volterra through”cut and glue” processes [5, 7]. In a graphene lattice one can
construct a pentagon defect by cutting a 60 degrees sector and gluing its borders. It is also possible to construct
a heptagon defect by the insertion of a 60 degrees sector in the lattice. The existence of these kinds of defects
is responsible for the non-zero curvature in the lattice and, in particular, the pentagon defects generate a positive
curvature, whereas the heptagon defects generate a negative curvature. Previously, Katanaev and Volovich proposed
a geometric formulation to describe defects in solids [10, 11]. Several applications of geometric theory of defect to
quantum dynamics in the presence of topological defect can be found in Refs[38–42]. An important point to be drawn
in order to show the equivalence between a gravity theory and the theory of defects in solids is that in the continuum
description disclinations and dislocations are related to curvature and torsion respectively. It is also worth mentioning
that the presence of pentagons and heptagons compels the connection between two sites of the same sublattice, i.e.,
for example, when the spinor is transported around the defect, at some point it hops from the A site to another site
of the same type A. It implies the mixing of K and K ′ components of the spinor and, therefore, it is necessary to
introduce a SU(2) gauge field, which acts in a similar way as occurs in the Aharonov-Bohm effect to compensate this
mixing [43]. In polar coordinates, the effective gauge field is given by
ei
∮
C
Aθdθ =
(
0 1
−1 0
)
, (2.4)
where the non-Abelian potencial has the form
Aθ =
Φ
2pi
τ2, (2.5)
τ2 is one of the Pauli matrices and Φ = pi/2. In this way, one can observe that the presence of pentagons and heptagons
in the graphene lattice can be mimicked through the fictitious gauge flux Φ in the topological defect.
B. Graphene Wormhole Geometry
Now let’s discuss how wormhole geometry is constructed from carbon nanostructures. The graphene wormhole
setup is constructed from two graphene sheets linked by carbon nanotube with zig-zag boundary playing the role of a
bridge. To make such construction, it is necessary to make a hole with a hexagonal shape on each sheet of graphene
and in this way it is possible to connect the atoms at the hexagonal edges with new atoms in the vertical direction,
creating a zig-zag pattern, which provides a way to connect the graphene sheet with a zig-zag nanotube, which is
known as graphene-nanotube junction. A direct consequence is the emergence of six heptagons rings at each junction
[29]. The geometry of the graphene wormhole arises when we take the continuum limit of this model. In particular,
we consider the radius of the hole much larger than the nanotube length, so we discard soft curvature effects, i.e.,
the curvature is zero throughout the space except at the junction. As usual, these geometries are described by two
coordinate charts to cover the upper and lower sheets. Following [28, 29], the charts are chosen in such a way that the
polar coordinates can be implemented as follows: the coordinates (r−, θ−) and (r+, θ+) covers the lower - with metric
g−ab = diag
(
1, r2−
)
- and upper - with metric g+ab = diag
(
1, r2+
)
- branches of the geometry, respectively. The radial
coordinates r− and r+ covers the range [R,∞), where R represents the “throat” of the wormhole. By performing the
coordinate transformation
r− = R2/r+, with r+ ≥ R, (2.6)
one can map the upper sheet over the hole defined by the wormhole throat to the lower sheet. Thus, the complete
geometry of the problem can be described in terms of a single variable, denoted now by r (by dropping the minus
sign in r−), which now runs from 0 to ∞. In other words, it is possible to cover the whole wormhole space with a
monotonic variable (one chart) instead of two, as a direct consequence of the metric having Z2 - symmetry [25]. After
all this discussion, the resulting metric becomes
ds2 = dr2 + r2dθ2 , for r ≥ R, (2.7a)
ds2 =
(
R
r
)4 (
dr2 + r2dθ2
)
, for r ≤ R. (2.7b)
Note that both sectors of the above expressed geometry coincide at r = R, so the metric is regular everywhere. One
can also rewrite the line element of the model in terms of a conformal geometry as follows
ds2 = Ω2(r)
(
dr2 + r2dθ2
)
, (2.8)
5where Ω(r) is a conformal factor defined by
Ω(r) =
(
R
r
)2
Θ(R− r) + Θ(r −R) (2.9)
and Θ(x) is the Heaviside step function.
In this work we adopt the Cartan formalism for reasons already indicated in the Introduction and that will be
better clarified soon. Within this approach, we can define on the 2-dimensional manifold an ortornormal co-frame,
sometimes called vielbein or zwelbein, given by θˆA = eAµ(x) dx
µ, where capital Latin letters label flat indices. For the
conformal metric presented in equation (2.8) one can take an orthonormal co-frame as follows:
θr = Ω(r)dr, (2.10a)
θθ = dθ, (2.10b)
where ds2 = δABθ
AθB , with δAB = diag(+1,+1). The next step is to find the spin connections by solving the Cartan
structure equations dθA + ωAB ∧ θB = TA. By using the torsionless gauge TA = 0 the non-vanishing components of
the spin connections becomes
ω 1θ 2 = −ω 2θ 1 = −1, for r ≥ R, (2.11a)
ω 1θ 2 = −ω 2θ 1 = +1, for r ≤ R. (2.11b)
The Cartan approach is the most natural way of coupling fermions to gravity and from this point on we look for
solutions of the massless Dirac equation in 2 + 1 in the background geometry described in this section.
III. GRAPHENE WORMHOLE TRAPPED BY EXTERNAL MAGNETIC FIELD
As it was pointed out in the previous sections, in the continuum limit it is possible to describe the behavior of
graphene quasiparticles through a massless Dirac equation in (2 + 1) - dimensions. We are now interested in systems
where there are two gauge fields introduced via minimal coupling: the first one (denoted by Aµ) is related to defects
generated by the presence of heptagon rings in the graphene lattice and the second one (denoted by ABµ ) comes from
the imposition of an external magnetic field. The resulting Weyl equation is given by
ivf σ
µ
(∇µ − iAµ − ieABµ )Ψ = 0, (3.1)
where vf is the Fermi velocity, ∇µ = ∂µ+Γµ is the covariant derivative, with Γµ = 18ωµab
[
σa, σb
]
denoting the spinorial
connection, and {σi} are the set of Pauli matrices. By using expressions (2.11a, b) a straightforward inspection shows
that the non-vanishing components of the spinorial connection are
Γθ = − iσ
3
2
, for r ≥ R, (3.2a)
Γθ = +
iσ3
2
, for r ≤ R. (3.2b)
The gauge field Aµ arising due to the presence of six heptagon rings at each junction of graphene nanotubes act as
the fictitious gauge field which, as discussed in the previous section, mimics the topological defects in the graphene
lattice. In this way, it is necessary to introduce into the Weyl equation a similar term to that present in the expression
(2.5), but now the flux Φ provides the global contribution of each topological defect in the graphene wormhole lattice.
This gauge field is given by
Aθ = ± Φ
2pi
. (3.3)
Therefore, equation (3.3) gives us the Abelian component of the vector potencial considering the projection in τ2
space. The second gauge field ABµ is related to an external magnetic field and expressed as
ABθ = +
B0r
2
2
, for r ≥ R, (3.4a)
ABθ = −
B0R
4
2r2
, for r ≤ R. (3.4b)
6By using the gauge fields described so far we can explicitly write down the Weyl equation (3.1) for the wavefunctions
inside and outside the wormhole throat to describe the quantum dynamics of graphene wormhole quasiparticle. They
are given by
σ0
vf
∂Ψ
∂t
+
σ1r2
R2
(
∂
∂r
+
1
2r
)
Ψ +
σ2
r
(
∂
∂θ
− iAθ − ieB0r
2
2
)
Ψ = 0, for r ≥ R, (3.5a)
σ0
vf
∂Ψ
∂t
+
σ1r2
R2
(
∂
∂r
− 1
2r
)
Ψ +
σ2
r
(
∂
∂θ
− iAθ + ieB0R
4
2r2
)
Ψ = 0, for r ≤ R. (3.5b)
The first step to solve the above system is to impose on the wavefunction the following ansatz:
Ψ = e−i
Et
}
(
Ψ±A
Ψ±B
)
. (3.6)
In this way, the system (3.5a, b) can be rewritten as
−ivf}
(
0 ∂r +
1
2r − ir∂θ ∓ Φ¯2pir − eB0r2
∂r +
1
2r +
i
r∂θ ± Φ¯2pir + eB0r2 0
)(
ψ±A
ψ±B
)
= E
(
ψ±A
ψ±B
)
, for r ≥ R, (3.7a)
−ivf}
( r
R
)2( 0 ∂r − 12r − ir∂θ ∓ Φ˜2pir + eB0r2
∂r − 12r + ir∂θ ± Φ˜2pir − eB0r2 0
)(
ψ±A
ψ±B
)
= E
(
ψ±A
ψ±B
)
. for r ≤ R. (3.7b)
Note that in the system above we put different effective fluxes Φ¯ and Φ˜ for the regions inside and outside the wormhole
throat, respectively, since the electron must be affected in different ways by these flows in those regions. In [28] it is
pointed out in that one must have Φ¯ = −Φ˜. We point that this relation arises as one of the junction conditions to be
imposed on the wave function in order to obtain well-behaved solutions over the entire background geometry.
A. Solving the massless Dirac equation
We now describe how to solve the Weyl equations in the background geometry of the graphene wormhole discussed
in the previous section. We split this procedure into two parts referring to the two distinct regions of the geometry.
1. Outside of the throat (r ≥ R)
First, we solve the Weyl (3.7a) equation describing the graphene in the region outside the throat of the wormhole.
For this case, it is convenient to take a complementary ansatz on the wavefunction, given by(
Ψ±A
Ψ±B
)
(r≥R)
= eijθ
(
f1(r)
f2(r)
)
(3.8)
and in such a way that now we have a pair of coupled first order differential equations,
−ivf}
(
∂
∂r
+
1
2r
+
j
r
∓ Φ¯
2pir
− eB0r
2
)
f2(r) = Ef1(r); (3.9a)
−ivf}
(
∂
∂r
+
1
2r
− j
r
± Φ¯
2pir
+
eB0r
2
)
f1(r) = Ef2(r). (3.9b)
By decoupling the above system, we find another pair of differential equations, but now they are second order and
given in a compact form as
d2fi(r)
dr2
+
1
r
dfi(r)
dr
−
[
e2B20
4
r2 +
ζ2i
r2
− βi
]
fi(r) = 0, (3.10)
where the i = 1, 2 and we have the following parameters:
ζ21 =
(
j − 1
2
∓ Φ¯
2pi
)2
, ζ22 =
(
j +
1
2
∓ Φ¯
2pi
)2
, (3.11a)
β1 =
E2
v2f}2
∓ eB0Φ¯
2pi
+ jeB0 +
eB0
2
, β2 =
E2
v2f}2
∓ eB0Φ¯
2pi
+ jeB0 − eB0
2
. (3.11b)
7We can still rewrite equation (3.10) in a more friendly way if we perform the change of variable ξ = eB02 r
2, from where
one finds
ξ
d2fi(ξ)
dξ2
+
dfi(ξ)
dξ
+
[
βi
2eB0
− ξ
4
− ζ
2
i
4ξ
]
fi(ξ) = 0. (3.12)
Equation (3.12) has asymptotic solution given by f(ξ) = e−
ξ
2 ξ
|ζ|
2 F (ξ), where F (ξ) = 1F1
(
−
(
β
2eB0
− 12 − |ζ|2
)
, |ζ|+ 1; ξ
)
is a confluent hypergeometric function [44]. The hypergeometric confluent equations is
ξ
∂2F
∂ξ2
+ (|ζ|+ 1− ξ) ∂F
∂ξ
+
(
β
2eB0
− 1
2
− |ζ|
2
)
F = 0. (3.13)
Note that here we have a dependence on |ζ|, so we must be careful in dealing with values of j. Thus, the wavefunction
solution (Weyl spinor) found in the region r ≥ R is
Ψ(r≥R,ζ≥0) = An,j e
−i(Et} −jθ) e−
ξ
2
 ξ 12 (j− 12∓ Φ¯2pi ) F (−n, j + 12 ∓ Φ¯2pi ; ξ)
ξ
1
2 (j+
1
2∓ Φ¯2pi ) F
(
−n, j + 32 ∓ Φ¯2pi ; ξ
)  (3.14)
for ζ ≥ 0 and
Ψ(r≥R,ζ≤0) = Bn,j e
−i(Et} −jθ) e−
ξ
2
 ξ 12 (−j+ 12± Φ¯2pi ) F (−n,−j + 32 ± Φ¯2pi ; ξ)
ξ
1
2 (−j− 12± Φ¯2pi ) F
(
−n,−j + 12 ± Φ¯2pi ; ξ
)  (3.15)
for ζ ≤ 0, where An,j and Bn,j are normalization constants.
2. Inside of the throat (r ≤ R)
In continuation, we now solve the Weyl equation (3.7b), which describes the behavior of graphene inside of the
wormhole throat. Similar to the previous subsection, we start from a specific ansatz for the wavefunction to find a
system of first order differential equations which can be decoupled in two second order equations. By using(
Ψ±A
Ψ±B
)
(r≤R)
= eij˜θ
(
g1(r)
g2(r)
)
, (3.16)
one finds the pair of coupled first order equations given by
−ivf}
( r
R
)2( ∂
∂r
− 1
2r
+
j˜
r
∓ Φ˜
2pir
+
eB0R
4
2r3
)
g2(r) = Eg1(r), (3.17a)
−ivf}
( r
R
)2( ∂
∂r
− 1
2r
− j˜
r
± Φ˜
2pir
− eB0R
4
2r3
)
g1(r) = Eg2(r). (3.17b)
Now, before decoupling the above system, we need to perform a change of variables in order to find equations that
lead us to hypergeometric functions. By using r˜ = R
2
r we find
i
(
∂
∂r˜
+
1
2r˜
− j˜
r˜
± Φ˜
2pir˜
− eB0r˜
2
)
g2(r˜) =
(
E
vf}
)
g1(r˜), (3.18a)
i
(
∂
∂r˜
+
1
2r˜
+
j˜
r˜
∓ Φ˜
2pir˜
+
eB0r˜
2
)
g1(r˜) =
(
E
vf}
)
g2(r˜). (3.18b)
After decoupling this system and making some manipulations, we have
d2gi(r˜)
dr˜2
+
1
r˜
dgi(r˜)
dr˜
−
[
e2B20
4
r˜2 +
ζ2i
r˜2
− βi
]
gi(r˜) = 0, (3.19)
8where, again, i = 1, 2 and
ζ˜21 =
(
j˜ +
1
2
∓ Φ˜
2pi
)2
, ζ˜22 =
(
j˜ − 1
2
∓ Φ˜
2pi
)2
, (3.20a)
β˜1 =
E2
v2f}2
± eB0Φ˜
2pi
− j˜eB0 + eB0
2
, β˜2 =
E2
v2f}2
± eB0Φ˜
2pi
− j˜eB0 − eB0
2
. (3.20b)
By performing a second coordinate change in the system (3.19), now given by χ = eB02 r˜
2, one finds
χ
∂2gi(χ)
∂χ2
+
∂gi(χ)
∂χ
+
(
β˜i
2eB0
− χ
4
− ζ˜
2
i
4χ
)
gi(χ) = 0, (3.21)
which has asymptotic solution given by gi(χ) = e
−χ2 χ
|ζ˜|
2 F˜ (χ) with F˜ (χ) = 1F1
(
−
(
β˜
2eB0
− 12 −
˜|ζ|
2
)
, |ζ˜|+ 1;χ
)
denoting the confluent hypergeometric function [44], which is a solution of the following confluent hypergeometric
differential equation:
χ
∂2F˜
∂χ2
+
(
|ζ˜|+ 1− χ
) ∂F˜
∂χ
+
(
β˜
2eB0
− 1
2
−
˜|ζ|
2
)
F˜ = 0. (3.22)
Thus, the general solution for the Weyl spinor, when r ≤ R, is given by:
Ψ(r≤R,ζ˜≥0) = A˜n˜,j˜ e
−i(Et} −j˜θ) e−
χ
2
 χ 12
(
j˜+ 12∓ Φ˜2pi
)
F˜
(
−n˜, j˜ + 32 ∓ Φ˜2pi ;χ
)
χ
1
2
(
j˜− 12∓ Φ˜2pi
)
F˜
(
−n˜, j˜ + 12 ∓ Φ˜2pi ;χ
)
,
 (3.23)
for ζ˜ ≥ 0 and
Ψ(r≤R,ζ˜≤0) = B˜n˜,j˜ e
−i(Et} −j˜θ) e−
χ
2
 χ 12
(
−j˜− 12± Φ˜2pi
)
F˜
(
−n˜,−j˜ + 12 ± Φ˜2pi ;χ
)
χ
1
2
(
−j˜+ 12± Φ˜2pi
)
F˜
(
−n˜,−j˜ + 32 ± Φ˜2pi ;χ
)
,
 (3.24)
for ζ˜ ≤ 0, where A˜n˜,j˜ and B˜n˜,j˜ are normalization constants.
B. Junction conditions, energy levels and complete wave function solution
In the previous sections we find the solutions for electrons in the inner and outer regions of the wormhole throat.
Now it is necessary to check what junction conditions are required for consistency of these solutions. The junction
conditions we use here for the Weyl spinors in and out of the wormhole throat are given by imposing that n = n˜ (i.e.,
the wavefunctions exist for the same quantum numbers inside and outside the throat) and
Ψ(r≥R,ζ≥0)
∣∣
r=R
= Ψ(r≤R,ζ˜≤0)
∣∣∣
r=R
; (3.25a)
Ψ(r≥R,ζ≤0)
∣∣
r=R
= Ψ(r≤R,ζ˜≥0)
∣∣∣
r=R
. (3.25b)
By using the above constraints, we can find the other equivalences between parameters involved in the solutions,
which are given by
j = −j˜, Φ¯ = −Φ˜, B˜n,−j = e2ijθAn,j , and A˜n,−j = e2ijθBn,j . (3.26)
These identifications and the requirement that the confluent hypergeometric truncates, i. e., it becomes a n degree
polynomial, implies that the energy levels of the Weyl equation (3.1) becomes
En,j, = ±vf}
√
2eB0
[
n+
1
2
∣∣∣∣j − 12 −  Φ¯2pi
∣∣∣∣− 12
(
j − 1
2
−  Φ¯
2pi
)]
, (3.27)
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FIG. 2. Evolution of the Landau levels (3.27) as a function of the homogeneous magnetic field B0. The dotted lines are for
cases where  = 1 and solid lines are for  = −1.
where n = 0, 1, 2... is interger, j is a half-integer and  = ±1. The energy levels allowed by the equation (3.27) show
that the presence of an external magnetic field is essential for the existence of bound states exhibiting analogous effects
to relativistic Landau levels [45] in the graphene wormhole with a relation of type En ∝
√
B0 depicted in FIG.2(a, b).
In this analogy, the A/B sublattices play the role of pseudospin, so that the presence of topological defects breaks
the degeneracy in doublets. Thus, the behavior of the energy levels (3.27) as a function of the external magnetic
field is similar to relativistic landau levels, but with the difference that there is now the breaking of the degeneracy
in doublets. Note that there is no R-dependence on energy levels, which is due to the fact that we are dealing with
massless fermions in a conformal geometry. The global effect due to the topological defects given by Φ¯ flux can emerge
in two ways when one considers that the topological defects are regularly spreaded out over the graphene-nanotube
junction [14]. When the distance between two heptagon rings is a multiple of 3, the overall effect is the sum of the
individual fluxes given by equation (2.5) and then the total flux is Φ¯ = 3pi. For the case where the distance between
two heptagon rings is not multiple of 3, each pair of heptagon rings gives a contribution of pi/3 and hence the total
flux is Φ¯ = pi. In FIG.3(a, b) we show the energy spectrum of (3.27) for fixed B0 and j and different values of n, Φ¯ and
.For j = − 12 and  = −1 one can see the degeneracy breaking for energy levels in doublets for ¯Φ = 3pi and ¯Φ = pi.
In this case we do not observe degeneracy for different values n. This effect is due the presence of topological defects
and the ground state is observed n = 0 and ¯Φ = 3pi . For j = − 12 and  = 1 there is also a degeneracy breaking in
doublets similar to the previous case, but with the difference that the lowest energy level now occurs in the case where
the ficticious flux is given by ¯Φ = pi. In the figure FIG.3(b) there is a degeneracy between consecutive n values, where
the energy level of highest value for some n (Φ¯ = 3pi) is equal to the energy level of lowest value for n + 1 (Φ¯ = pi).
These emergent effects arise from the way we organize the heptagones arising in the presence of negative disclinations
in the construction of graphene wormhole. For both cases, there is zero mode only for a positive total flux. Finally,
the complete wave function solutions becomes
Ψ(r≥R,ζ≥0) = An,j e
−i(Et} −jθ) e−
ξ
2
 ξ 12 (j− 12∓ Φ¯2pi ) F (−n, j + 12 ∓ Φ¯2pi ; ξ)
ξ
1
2 (j+
1
2∓ Φ¯2pi ) F
(
−n, j + 32 ∓ Φ¯2pi ; ξ
)  ; (3.28a)
Ψ(r≤R,ζ˜≤0) = An,j e
−i(Et} −jθ) e−
χ
2
 χ 12
(
j− 12± Φ˜2pi
)
F
(
−n, j + 12 ± Φ˜2pi ;χ
)
χ
1
2
(
j+ 12± Φ˜2pi
)
F
(
−n, j + 32 ± Φ˜2pi ;χ
)
 , (3.28b)
and
Ψ(r≥R,ζ≤0) = Bn,j e
−i(Et} −jθ) e−
ξ
2
 ξ 12 (−j+ 12± Φ¯2pi ) F (−n,−j + 32 ± Φ¯2pi ; ξ)
ξ
1
2 (−j− 12± Φ¯2pi ) F
(
−n,−j + 12 ± Φ¯2pi ; ξ
)  ; (3.29a)
Ψ(r≤R,ζ˜≥0) = Bn,j e
−i(Et} −jθ) e−
χ
2
 χ 12
(
−j+ 12∓ Φ˜2pi
)
F
(
−n,−j + 32 ∓ Φ˜2pi ;χ
)
χ
1
2
(
−j− 12∓ Φ˜2pi
)
F
(
−n,−j + 12 ∓ Φ˜2pi ;χ
)
 . (3.29b)
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FIG. 3. Energy spectrum (3.27) for some values of n for a fixed homogeneous magnetic field B0 and different values of . The
dotted lines are for cases where Φ¯ = pi and solid lines are for Φ¯ = 3pi.
which covers all graphene wormhole surface.
IV. ENDING COMMENTS
In this work we investigated the quantum dynamics of massless relativistic fermions in the geometric model of the
graphene wormhole proposed in [28] in the presence of an external magnetic field. We solved the Weyl equation for
the wormhole metric describing connected graphene sheets in the continuun limit and found analytical expressions to
its wavefunctions and eigenvalues. The curvature effects of the background geometry are related to the presence of
disclinations in the graphene lattice, so we observed its influence on the energy levels along with the external magnetic
field. The energy levels of this model are similar to relativistic Landau levels in the presence of topological defects
[15, 46] and evolve as a function of the external magnetic field by a relation of type En ∝
√
B0 for any value of
the orbital j. The topological defects contribution denoted by the fictitious gauge flux Φ¯ also affects the behavior of
energy levels, as can be noted in equation (3.27) and in the figure FIG.3(a, b), acting along with the orbital numbers
j in the breaking of degeneracy and splitting the energy levels in doublets. A possible and natural extension of this
work may be the study of the Quantum Hall Effect in graphene wormhole. This work constitutes an additional effort
to understand the behavior of graphene in curved surfaces and the role of topological defects and other auxiliary
gauge fields in this context.
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